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Abstract
The electromagnetic contribution to the K+ − K0 mass difference is calculated
in the 1/Nc approach including the SU(3) breaking contributions due to a non-zero
strange quark mass. The short-distance contribution can be unambiguously determined
in terms of the known parameters of the next-to-leading order chiral lagrangian. The
long distance part is estimated using the 1/Nc approach by Bardeen et al. Relatively
large corrections are found.
1) Introduction: The values of the quark masses are important physical quantities.
Determining the values of the quark masses is, however, not such a simple task because
quarks are confined and do not exist as free particles whose mass can be measured directly.
At high energies they can be identified with jets but the effects due to their masses at these
high energies are so small that jet-physics cannot be used to determine the masses of the
light quarks. Therefore a recourse to other methods is needed. For a review of the values
of the quark masses see [1]. A more recent discussion of some of the issues arising in this
context can be found in [2].
Good theoretical results exist for certain ratios of the quark masses in terms of the masses
of the pseudoscalar meson octet, pi, K and η. As an example we give here the relation that
determines the isospin breaking parameter mu −md, valid to next-to-leading order [3].
md −mu
ms − mˆ
2mˆ
ms + mˆ
=
m2K0 −m
2
K+ −m
2
pi0 +m
2
pi+
m2K −M
2
pi
m2pi
m2K
×
{
1 +O(m2q) +O
(
e2
ms − mˆ
md −mu
)}
. (1)
The difference of meson masses in the numerator removes the leading electromagnetic isospin
breaking contribution to the masses, the leading electromagnetic correction to the difference
of the mass squared of kaons and pions are equal[4]. This is known as Dashen’s theorem.
Corrections to it are of the order of the last term in eq. (1).
In this letter we evaluate the last type of correction within the framework of the 1/Nc
approach. This approach was first applied to hadronic matrix elements needed for non-
leptonic kaon decays by Bardeen et al.[5]. The same approach was then used to calculate
the electromagnetic correction to the pion masses in the chiral limit[6]. In this case because
of the presence of the photon the matching problem could be circumvented and the general
approach tested. Good agreement with the observed pion mass difference was obtained.
This method was then extended to the calculation of the long distance part of the KL−KS
mass difference. Again a reasonable matching and reasonable agreement with the measured
mass difference was found[7]. This has prompted the investigation of the term of order e2mq
in the electromagnetic mass differences using the same approach.
In the case of the pi+ − pi0 mass difference the smallness of the quark masses allows the
use of current algebra and the mass difference can be related to a dispersion integral over
the difference of the vector and axial-vector two-point functions [8]. This method cannot
be used in the present case since the non-zero value of the quark mass gives corrections to
the above relation. Here we directly evaluate the mass differences from the electromagnetic
effective action. To lowest order in e2 the electromagnetic contribution to the mass squared
of meson M is given by
m2M
∣∣∣
em
= −〈M |e2
∫
d4q
16pi4
Jµ(q)Jν(−q)
q2
(
gµν − ξ
qµqν
q2
)
|M〉 , (2)
where e is the electromagnetic charge unit and Jµ(q) is the electromagnetic current. The
factor q−2 comes from the photon propagator and we work in an arbitrary gauge (the final
results are ξ-independent). The matrix element in (2) has to be evaluated in the presence
of the strong interaction only.
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We now perform the analytic continuation to euclidean space and split the integral in (2)
in two parts. One with q2 ≥ Λ2 and one with q2 ≤ Λ2. We call the scale Λ the matching scale.
The former part has a high momentum photon. There we use the couplings of the photons
to quarks to derive an expression in terms of local quark operators. The expectation values
of these local quark operators are then determined using the 1/Nc approach. The part with
q2 ≤ Λ2 has a low momentum photon and cannot be evaluated using that method. This part
we evaluate using an effective Lagrangian description of the low-energy hadronic interactions.
For this effective Lagrangian we use the lowest dimension chiral Lagrangian. In ref. [6]
substantially better matching between the low and high momentum domain was achieved
by including vector and axial-vector mesons. To do this here requires a correct description
of SU(3) breaking in the vector and axial-vector sector. This does not exist at present.
However, the numerical result only changed by a rather small amount after inclusion of
these effects therefore we expect a similar result here.1 All results are quoted to first order
in ms 6= 0 and we set mu = md = 0.
2) Short distance : First we derive the effective action involving quarks doing the
integral over photon momenta for q2 larger than Λ2. There are to order αS three types of
contributions. The type of diagrams involved in these processes are shown in fig. 1.
The first type of diagrams, fig. 1a, only contributes via the electromagnetic renormaliza-
tion of the current quark mass. This type of contribution is logarithmically divergent and
the ultraviolet divergence has to be removed using counterterms. If we have defined the
current quark mass at a scale µ0 this set of diagrams results in an effective action of the type
iS1eff =
−iαem
12pi
msss log
µ20
Λ2
+O (αemαS) . (3)
This type of contribution directly influences the kaon mass via the standard lowest order
relation
m2K ≈ 2ms|〈ss〉|/f
2 , (4)
since S1eff corresponds to a shift in ms to be included in (4). We work in a normalization
where f ≈ 132 MeV . Its effects contribute the same to the K+ and the K0 to the order we
are working so it doesn’t contribute to the difference.
The second type of diagrams, which we could describe as the photonic penguin, does not
contribute in the chiral limit. It can only produce terms of isospin at most one, since it
only involves two quarks. The mass difference between pi+ and pi0 is isospin 2 so this type
of diagrams cannot contribute to it and not to ∆ m2K |em by using SU(3). It can contribute
as soon as SU(3) is broken. The effective action resulting from the diagrams of fig. 1b is :
iS2eff =
iαemαS
27Λ2
{
4uu+ dd+ ss
}
V αβ
{
uu+ dd+ ss
}
V βα
(5)
with {qq}V αβ = qαγµqβ and α and β are colour indices and are summed over. There are no
terms of O(ms) in this expression. The SU(3) breaking due to the quark masses appears
only at higher order in this type of diagrams.
1As an example the coupling of photons to the mesons will also have corrections due to the quark mass.
These are not included at present. They only appear at O(p6) in the chiral Lagrangian at leading 1/Nc.
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The third type of diagrams, fig. 1c and permutations or the box diagrams, are the only
ones that contribute in the chiral limit. Again there are no correction terms of O(ms) in this
set of contributions. The resulting effective action is
iS3eff =
−iαemαS
6Λ2
{−4(uu)− (dd)− (ss) + 4(ud) + 4(us)− 2(ds)} , (6)
with (qq′) = (qαγµγ5qβ)(q
′
βγµγ5q
′
α) and again α, β are colour indices and are summed over.
We have used here large Nc relations between the colour matrices and dropped the terms
which are suppressed by 1/Nc.
To evaluate the matrix elements between two mesons of these effective actions we now
use the Fierz relations to bring them in the general form of products of two colour singlet
combinations. In the large Nc limit these colour singlets hadronize independently and we can
use standard chiral perturbation theory in the large Nc limit to evaluate them. The relevant
terms here are the two lowest order terms and the ones proportional to L5, L8 and H2, see
ref. [3]. The Fierzed version of eqs.(5,6) contain squares of vector, axial-vector, pseudoscalar
and scalar densities. The vector densities squared only contribute to processes with at least
four pseudoscalars and cannot contribute to the mass differences. The axial-vector density
contains at least one derivative which means that its contribution always comes multiplied
with the mass squared of the meson involved. This mass is itself already of order ms so we
only need the leading term.
qγµγ5T
aq = ftr∂µT
aM + · · · . (7)
This is in terms of the meson matrix
M =


pi0√
2
+ η√
6
pi+ K+
pi− −pi
0√
2
+ η√
6
K0
K− K0 −2η√
6

 , (8)
and a flavour matrix T a and q =
(
u d s
)
. The scalar and pseudoscalar densities already
contribute at leading order and are hence needed to second order. The parameters B0, L5, L8
and H2 are those of ref.[3]. The quark mass contribution is contained inMQ = diag(0, 0, ms).
Only the terms up to O(M2) are given.
qT aq =
−B0f
2
2
trT a − 8B20(2L8 +H2)trT
aMQ +B0trT
aM2
−
16B0L5
f 2
trT a∂µM∂
µM + 32B20L8trT
a {M, {M,MQ}} ,
qγ5T
aq = iB0ftrT
aM +
32B20L8
f
trT a (MQM +MMQ) . (9)
Putting all the above formulas together leads to the following short distance electromag-
netic contributions to masses in the limit where mu = md = 0 and ms 6= 0 :
m2pi0
∣∣∣SD
em
= 0 ,
3
m2pi+
∣∣∣SD
em
=
3αSαem
2Λ2
B20f
2 ,
m2K0
∣∣∣SD
em
=
αemαS
Λ2
{(
−16
3
+
32
27
)
B20L5m
2
K +
(
−1
6
−
1
27
)
f 2m2K
+
(
8
3
−
16
27
)
B30ms (2L8 +H2)
}
+
αem
12pi
msB0 log
µ20
Λ2
,
m2K+
∣∣∣SD
em
= m2pi+
∣∣∣SD
em
+ m2K0
∣∣∣SD
em
+
αemαS
Λ2
{(
−8 +
16
9
)
B20L5m
2
K
+
(
1
2
−
1
18
)
f 2m2K + (96 + 0)B
3
0msL8
}
. (10)
The result in the limit of ms → 0 agrees with the result obtained earlier in ref. [6]. The
last term in the contribution to the K0 mass is the contribution from the electromagnetic
current quark mass renormalization. The term proportional to (2L8 +H2) is the term which
comes from the change in 〈ss〉 due to ms. It agrees with the result for this change obtained
in ref. [3] in the limit of large Nc. Both these effects cancel out in the kaon mass difference.
In eqs. (10) the first and second numbers inside the brackets always refer to the contribution
from the box diagrams and the penguin diagrams, respectively. As could be expected the
penguin diagrams do contribute as soon as nonzero quark masses are introduced.
It should be emphasized that this derivation is exact in the leading order of the large Nc
expansion and to first non-leading order in ms. It does not suffer from the approximations
used in the next section.
3) Long distance : The long distance part of the integration over photon momenta
requires knowledge of the photon couplings to pseudoscalars and its SU(3) breaking. In the
leading Nc limit the ms dependence of this coupling only shows up at O(p
6) in the chiral
counting. We will neglect these effects. Similarly the effects of vector mesons in the chiral
limit could be included along the lines of ref. [6] but that method requires knowledge of
the SU(3) breaking of the axial vector mesons. Using the hidden gauge method to describe
the vectors [9] only the vector mesons could be included in a simple fashion. This method
however seems to have some problems in the high energy behaviour. In the case of the
pi+ − pi0 mass difference the quadratic divergence is only cancelled for values of a = 1 and
not a = 2 as the best phenomenological fit requires[10]. As such it does not seem useful
to include in a first estimate. We will only use here the lowest order chiral Lagrangian to
describe the photon-pseudoscalar couplings. This amounts to treating the pseudoscalars as
pointlike so the only effect comes from the internal and external mass propagating in the
diagrams. There are two diagrams that contribute. They are shown in fig. 2. There is no
contribution to the pi0 or the K0 mass from this sort of diagrams. The contribution is given
by
m2pi+
∣∣∣LD
em
=
3αemΛ
2
4pi
,
m2K+
∣∣∣LD
em
= e2i
∫
d4q
(2pi)4
[
3
q2
−
4m2K + 2p · q
q2 (q2 + 2p · q)
]
. (11)
Here the integration ove q has to be performed by rotating to Euclidean momenta and keeping
q2E ≤ Λ
2. p is the momentum of the kaon with p2 = m2K . The first term in the integrand
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is equal to the contribution to the pion mass. As can be seen the difference vanishes for
ms → 0 as follows from Dashen’s theorem. The correction to the kaon mass is less divergent
than the basic contribution. For large value of Λ the correction is logarithmically divergent.
This already makes for a somewhat smoother matching than is obtained for the basic result.
4) Numerical results : In order to calculate the size of the corrections we need to
know the values of the higher order coefficients in the chiral Lagrangian. These have been
determined from measured quantities in ref. [3]. I have used as values L8 = 0.0009, L5 =
0.0014, f = 132 MeV a value of mK = 495 MeV and the value for B0 derived using the
lowest order formula B0 = m
2
K/ms(Λ) with a strange quark mass of 150 MeV at a scale
µ0 = 1 GeV and a QCD coupling corresponding to ΛQCD = 200MeV . In fig. 3 I have plotted
the long distance contribution to the charged pion mass squared and the extra correction
needed for the kaon mass squared difference. As can be seen the corrections are sizable
here. Also plotted are the short distance contributions to the pion mass squared and to the
correction needed to obtain the difference of the squared kaon masses. The corrections are
large and positive. I have not plotted the separate mass squareds of the kaons because they
depend on the unknown constant H2 and there are gluonic corrections to S
1
eff which were
not included so far and are also of order αemαSms. In fig. 4 the sums are shown. The top
curve is the mass difference in the chiral limit or ∆ m2pi|em = m
2
pi+ −m
2
pi0 and the lower curve
is what should be added to ∆ m2pi|em to obtain ∆ m
2
K |em = m
2
K+ −m
2
K0. The experimental
mass difference for the charged pion is given by about 1.2 · 10−3GeV 2 so a reasonably good
agreement is obtained there.
For the values of input given above if we choose the values obtained at the place of
minimum sensitivity to the matching scale we obtain a ∆ m2pi|em = 1.27 · 10
−3 GeV 2 at a
scale of 610MeV . We obtain a value of ∆ m2K |em−∆ m
2
pi|em = 1.26 ·10
−3 GeV 2 at 810MeV
and a combined result of ∆ m2K |em = 2.58 · 10
−3 GeV 2 at 650 MeV . As can be seen the
corrections to Dashen’s theorem are substantial and of order up to 100%. Abou one third
from this correction came from the short distance contribution. The result is somewhat
sensitive to the value of L8 which is rather poorly known. Diminishing L8 by its estimated
error, using a value of L8 = 0.0004 instead we obtain ∆ m
2
K |em = 2.31 · 10
−3 GeV 2 at
600 MeV and ∆ m2K |em − ∆ m
2
pi|em = 1.04 · 10
−3 GeV 2 at 570 MeV . We can also include
the corrections in the determination of the constant B0 from the lowest order relation used
here. This in fact absorbs the term proportional to L8 in ∆ m
2
K |em. However the difference
∆ m2K |em − ∆ m
2
pi|em is only affected by this at higher order. We would then in order to
reproduce the observed pion mass difference need to use a smaller value for the strange
quark mass. A reasonably conservative estimate of the uncertainty involved then seems to
be (
m2K+ −m
2
K0 −m
2
pi+ +m
2
pi0
)
em
= (1.3± 0.4) · 10−3 GeV 2 . (12)
These values correspond to
mpi+ |em = 4.7 MeV and (mK+ −mK0)em = 2.6 MeV . (13)
The latter value should be compared to 1.3MeV which is the value obtained using Dashen’s
theorem. The effect of this is to increase the value of md −mu.
5) Comparison with Ref. [11] : In the recent preprint by Donoghue et al.[11] the
same problem was considered in a somewhat different framework. I have calculated the
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electromagnetic contribution to the mass within the framwework of QCD at short-distances
and used the model-independent part for the long distances. In [11] an approach similar to
the one by Das et al. [8] was used. Here the long distance part is evaluated by calculating
within a simple model for the vector and axial-vector mesons where the parameters are
chosen such that the SU(3) breaking effects in the masses and the couplings are coupled in
such a way as to allow the extrapolation of Λ → ∞. I.e. the couplings and masses even in
the presence of nonzero quark masses are chosen so they still satisfy the first two Weinberg
sum rules. The short-distance part is then assumed to be modelled sufficiently well by this
approximation. Numerically the two approaches agree rather well. We also agree on the
long-distance part, eq. 11, when the vector and axial-vector mesons are removed from the
expressions in Ref. [11]. In this reference the implications for the quark masses are also
discussed more extensively.
6) Conclusions : We have obtained within the framework of the 1/Nc expansion a
sizeable correction to Dashen’s theorem. This correction should be subtracted from the
numerator in eq. (1) in order to obtain a more accurate value of the quark mass ratios.
The short distance contribution was derived exactly in the limit of large Nc in terms of
the parameters of the chiral Lagrangian. The long distance contribution was evaluated in
the approximation of point-like pseudoscalars. A more accurate description would require an
understanding of SU(3) breaking effects at intermediate length scales. It has been shown in
ref. [12] and references therein, that the extended Nambu-Jona-Lasinio model describes the
values of the low-energy parameters well and also gives a reasonable description of two-point
functions at intermediate values of momenta. The estimate of the long-distance correction
to Dashen’s theorem in that model is in progress.
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Figure 1: The three types of short-distance contributions included. (a) Corrections to the
current quark mass, (b) Penguin diagrams, (c) Box diagrams. The curly line is a photon,
the full lines are quarks and the dashed lines are gluons.
Figure 2: The long distance type of contributions. The curly line is a photon and the full
line is a pi+ or K+.
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Figure 3: Long and short distance contributions to the mass-squared differences as a function
of the matching scale Λ. Plotted are ∆ m2pi|em and the correction needed for Dashen’s
theorem, ∆D = (m2K+ −m
2
K0 −m
2
pi+ +m
2
pi0)em.
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Figure 4: The mass differences as a function of the matching scale Λ. Plotted are ∆ m2pi|em
and the correction to Dashen’s theorem, ∆D = (m2K+ −m
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2
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